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By considering Majorana zero modes to laterally couple to the quantum dot, we evaluate the
thermoelectric effect in one single-dot system. The calculation results show that if one Majorana
zero mode couples to the dot, the thermoelectric effect will exhibit its change, but the thermoelectric
efficiency cannot be enhanced apparently. However, the thermoelectric effect can be efficiently
strengthened when two Majorana zero modes are introduced simultaneously. We believe that the
findings in this work provide an alternative method for the detection of Majorana bound state.
PACS numbers: 73.63.Kv, 73.21.La, 73.23.Ra, 74.45.+c
INTRODUCTION
The topic of Majorana bound state (MBS) has
attracted much attention, due to its fundamental
physics interest and potential applications. Many
groups proposed ways to realize MBSs, such as in
a vortex core in a p-wave superconductor[1–6] or
superfluid[7, 8]. Then, it has been reported that
they can be realized at the ends of a one-dimensional
p-wave superconductor for which the proposed sys-
tem is a semiconductor nanowire with Rashba spin-
orbit interaction to which both a magnetic field and
proximity-induced s-wave pairing are added[9–12].
Following these works, researchers suggested vari-
ous schemes to detect the MBSs, including noise
measurements[13], resonant Andreev reflection by
a scanning tunneling miscroscope[14], the zero-bias
conductance peak[15], and the fractional Josephson
effect[16–18]. Recent reports have further verified
the existence of MBSs in solids[19, 20].
The MBS-detection suggestions indicate that the
properties of MBSs can be clarified by embedding
them in the mesoscopic circuit and investigating
the transport behaviors. This conclusion should
be ascertained, especially when the MBS couples
to the regular fermion bound state in the quantum
dot (QD). The reason is that the interplay between
these two bound states is able to induce a variety
of interesting phenomena. For instance, in the T-
shaped double QDs coupled to the MBS, the An-
dreev conductance spectrum presents a well-defined
insulating band in the low-bias region[21]. In a
MBS-embedded Fano setup, the Fano effect becomes
more complicated and determined by the structural
parameters[22, 23]. When the QD eneters the Kondo
regime, some important phenomena are induced due
to the interaction between the Kondo effect and the
Andreev reflection [24–29]. It has been shown that
in the structure where the MBS couples to the metal
via one Kondo QD, the system flows to a new fixed
point controlled by the Majorana-induced coupling
in addition to the Kondo fixed point, which is char-
acterized by the correlations between the QD and
the fermion parity of the TS and metal[25]. On
the other hand, if the MBS couples to one QD in
one closed circuit, the zero-bias conductance value
is halved, independent of the geometries the QD
systems[30]. Similar a result holds even when the
QD is in the Kondo regime[31]. Also, the MBS is
characterized by its nonlocal nature, which can re-
sult in electron teleportation by means of nonlocal
phase-coherent electron transfer through tunneling
in and out of a pair of MBSs. Tunneling experiment
which can uniquely identify the nonlocal electron
tunneling assisted by MBSs has been proposed[32].
Recently, the emergence of MBSs in a hybrid InAs
nanowire with epitaxial Al has been experimentally
demonstrated. At the end of the nanowire QD was
used as a spectrometer[33].
In addition to the conventional quantum trans-
port properties, the MBS-driven thermoelectric ef-
fect has attracted much attention. The motiva-
tion originates from the fact that its-existed struc-
ture also possesses the δ-like density of states,
which benefits for the enhancement of thermoelec-
tric efficiency[34, 35]. Firstly, the thermoelectric ef-
fect in the metal/QD/MBS structure has been in-
vestigated. The authors found that the resulting
gate-dependent Seebeck coefficient provides a new
way to evidence the existence of MBSs, which can
be combined with conventional tunnel spectroscopy
in the same setup[36]. Next, some groups discussed
the thermoelectric properties of nanowires hosting
MBSs, by coupling the nanowire to two normal
metallic leads. It has been observed that the ther-
mopower always vanishes regardless of the value of
the Majorana hybridization. However, this situation
changes drastically if one QD is inserted, and the
thermoelectric effect and be efficiently modulated by
the QD-MBS coupling[37]. Besides, the MBS takes
nontrivial effect to the violation of the Wiedemann-
Franz law[38]. Moreover, it has been shown that the
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FIG. 1: Schematic of one single-QD structure coupled
to two topological-superconductor (TS) nanowires. The
two nanowires, i.e., TS-U and TS-D, are assumed to
contribute MBSs at their ends. In this structure, only
one MBS in each TS nanowire couples to the QD.
interaction between the MBS and the Kondo QD en-
ables to induce some interesting thermoelectric phe-
nomena, and the thermoelectric quantities exhibit
new properties[39].
The previous works indeed show that the MBS-
driven thermoelectric effect is very important and
worthy of further investigation. Motivated by such
a fact, in the present work we would like to investi-
gate the thermoelectric effect in one QD system, by
considering MBSs to couple to the QD. As a typical
case, we are only interested in the presence of Majo-
rana zero modes (MZMs). Via calculation, we find
that if two MZMs couple to the QD simultaneously,
thermoelectric effect can be enhanced to a great ex-
tent. We then believe that these results can be help-
ful in further understanding the quantum transport
property of the MZM. Also, they provide an alter-
native method for the MBS detection.
THE THEORETICAL MODEL
The Hamiltonian for our considered structure can
be written as H = H0 +HM +HT . The first term is
the Hamiltonian for the two normal metallic leads,
QD, and their couplings. It takes the form as
H0 =
∑
αk
εαkc
†
αkcαk + εdd
†d+
∑
αk
Vαc
†
αkd+ h.c..(1)
c†αk (cαk) is an operator to create (annihilate) an
electron of the continuous state |k〉 in lead-α (α ∈
L,R), and d† (d) is the creation (annihilation) op-
erator in the QD. εαk and εd are the corresponding
levels. Here the Coulomb interaction in the QD is
ignored, since we are mainly interested in the inter-
play between the electronic bound state and MBSs.
Next, the low-energy effective Hamiltonian for HM
(i.e., the MBS Hamiltonian) reads
HM = i
∑
n=U,D
tnη1nη2n, (2)
where ηjn (j = 1, 2 and n = U,D) is the self-
Hermitian operator for the j-th MBS in the n-th
topological superconducting nanowire with ηjn =
η†jn. The last term of H denotes the coupling be-
tween the QD and MBSs. In our structure, we focus
on the case where MBS-(1n) is coupled to the QD,
so HT can be directly written as
HT =
∑
n
(λnd
† − λ∗nd)η1n. (3)
λn is the coupling coefficient between η1n and the
QD.
In such a structure, the electric and heat current
can be defined as a change in the number of elec-
trons and the total energy per unit time in lead-L,
respectively. With the help of the nonequilibrium
Green function technique, the electric and heat cur-
rents can be expressed as[40–44]
JLe =
e
h
∫
dωτ(ω)[fL(ω)− fR(ω)],
JLQ =
1
h
∫
dω(ω − µL)τ(ω)[fL(ω)− fR(ω)]. (4)
fα(ω) = [exp
ω−µα
kBTα
+ 1]−1 is the Fermi distribution
function of lead-α when each lead is in thermal equi-
librium at temperature Tα. µα = eVα is the chemical
potential shift due to the applied source-drain bias
voltage Vα. The transmission spectral function τ(ω)
is given by the following expression[40]
τ(ω) = −ΓImGrdd. (5)
Γ describes the coupling strength between the QD
and the leads. It is defined as Γ = 12 (Γ
L + ΓR) with
Γα = 2pi|Vα|2ρ(ω). We will ignore the ω-dependence
of Γα since the electron density of states in the
leads, ρ(ω), can be usually viewed as a constant. In
Eq.(5) the retarded and advanced Green functions in
Fourier space are involved. These Green functions
can be solved by the equation-of-motion method. By
a straightforward derivation, we can obtain the ma-
trix form of the retarded Green function.
In this work, we would like to take our interest
in the case of MZMs, i.e., tn = 0. The resulting
retarded Green function is given by
Gr(ω) =

ge(z)
−1 0 −λ1 −λ2
0 gh(z)
−1 λ∗1 λ
∗
2
−λ∗1 λ1 z 0
−λ∗2 λ2 0 z

−1
, (6)
with z = ω + i0+. ge(h)(z) = [z ∓ εd + iΓ]−1 is the
zero-order Green function of the QD unperturbed
by the MBSs. In this work, we assume λ1 = |λ1|
and λ2 = i|λ2|eiϕ/2, where ϕ is the phase difference
between the two TS nanowires. And then, one can
find that
Grdd =
1
D [(ω + εd + iΓ)ω
2 − ω(|λ1|2 + |λ2|2)] (7)
3with D = (ω− εd+ iΓ)(ω+ εd+ iΓ)ω2−2ω(ω+ εd+
iΓ)(|λ1|2 + |λ2|2) + 2(1 + cosϕ)|λ1|2|λ2|2.
In the linear response regime, we can expand the
electric and heat currents up to the linear terms of
a temperature gradient δT = TL − TR to a ther-
moelectric voltage δV = VL − VR. The transport
coefficients Lij are defined by the relations(
JLe
JLQ
)
=
(
L11 L12
L21 L22
)(
VL − VR
TL − TR
)
. (8)
and can be expressed in terms of the transport inte-
gral Kn =
1
h
∫
dω(− ∂f∂ω )(ω−µ)nτ(ω) as L11 = e2K0,
L21 = L12T = −eK1, and L22 = K2/T . µ is the sys-
tem’s chemical potential. Then the linear response
conductance G = limV→0 dJedV = L11 is given by the
equation
G = e2K0. (9)
The thermopower of a QD system in a configuration
with two normal leads can be found in an open cir-
cuit by measuring the induced voltage drop across a
QD when the temperature difference is applied be-
tween the two leads. The thermopower is defined by
the relation
S = −δV
δT
|J=0, (10)
and can be expressed as
S = − 1
eT
K1
K0
. (11)
The electronic contribution to the thermal conduc-
tance defined by κe =
∆JQ
∆T can be expressed by
κe = K1eS +
K2
T
. (12)
Based on these formulas, the thermoelectric effi-
ciency in such a structure can be evaluated, since
its corresponding figure of merit is defined as
ZT = S2GT/κe, (13)
in which the phonon-contributed thermal conduc-
tance has been ignored.
NUMERICAL RESULTS AND DISCUSSIONS
Following the formulations developed in the above
section, we begin to perform the numerical calcu-
lation to investigate the thermoelectric properties
of our considered QD structure with side-coupled
MZMs. In the context, we are only interested in
the case of symmetric QD-lead coupling, i.e., ΓL =
ΓR = Γ.
First of all, we ignore the QD-MZM coupling and
present the thermoelectric properties of the single-
QD structure. The numerical results are shown
FIG. 2: Thermoelectric quantities of one single-QD
structure as functions of the system’s chemical potential
µ, in the absence of QD-MZM couplings. (a)-(b) show
the numerical results of the electronic conductance, ther-
mal conductance, thermopover, and figure of merit. The
relevant parameters are taken to be Γ = 0.1 and 0.2,
kBT = 0.02 and 0.05, respectively.
in Fig.2. In this figure, the QD-lead coupling is
taken to be Γ = 0.1 and 0.2, and temperature is
assumed to be kBT = 0.02 and 0.05 for compar-
ison. With respect to the QD level, we consider
it to be zero. Fig.2(a)-(d) show the spectra of the
electronic conductance, thermal conductance, ther-
mopower, and figure of merit, respectively. Fig-
ure 2(a) shows that with the increase of the QD-
lead coupling, the electronic conductance can be en-
hanced, while it can be suppressed by the increase
of temperature. In Fig.2(c), it shows that the ther-
mal conductance exhibits the similar property to
electronic conductance. This should be attributed
to the fact that the thermal conductance is mainly
contributed by the electron motion. As for the ther-
mopower, in Fig.2(b) one can see that the Seebeck
coefficient is the odd function of the chemical poten-
tial µ, and it is positive (negative) when µ is greater
(less) than zero. Besides, the Seebeck-coefficient
magnitude decreases following the increase of the
QD-lead coupling. However, it does not undergo
the monotonous change with the increase of temper-
ature. Namely, the maximum of the Seebeck coeffi-
cient in the case of kBT = 0.05 is greater than the
case of kBT = 0.02. The thermoelectric efficiency
is characterized by the extremum of the figure of
merit, i.e., ZT . In Fig.2(d), we observe that similar
to the thermopower, the thermoelectric efficiency in
the case of kBT = 0.05 and Γ = 0.1 is prior to the
other cases, and the maximum of ZT has an oppor-
tunity to be greater than 0.4.
Next, we begin to consider MZMs to couple to the
QD and study their influences on the thermoelec-
4FIG. 3: (a)-(d) Spectra of electronic conductance, ther-
mal conductance, thermopover, and figure of merit in
the single-QD structure, with one MZM coupled to the
QD. The QD-lead couplings and temperature are taken
to be Γ = 0.1 and kBT = 0.05.
tric effect. As a typical case, we take Γ = 0.1 and
kBT = 0.05 in this part. The single-MZM result is
shown in Fig.3. In Fig.3(a) we find that with the in-
crease of QD-MZM coupling, the conductance peak
is split into three, accompanied by the suppression of
its magnitude. Such a result can be explained as fol-
lows. In the presence of finite QD-MZM coupling,
the QD Hamiltonian in the Nambu representation
can be written as
H =
 εd 0 λ10 −εd −λ∗1
λ∗1 −λ1 0
 . (14)
It is evident that the QD’s eigenlevels are E± =
±√ε2d + 2λ21 and E0 = 0, for the real λ1. Since
the peaks of the electronic conductance spectrum
are related to the QD’s eigenlevels, one can readily
understand the splitting of the conductance peaks
when the QD-MZM coupling is taken into account.
With the help of this analysis, we can also know
the thermal conductance variation in this process,
as shown in Fig.3(b). Next for the thermopower and
figure of merit, in Fig.3(c)-(d) it shows that with the
increase of QD-MZM coupling, their curves oscillate
more seriously, accompanied by the increment of the
magnitudes of them. However, such an increase is
relatively weak. For instance, in the case of λ1 =
0.4, the maximum of the Seebeck coefficient is only
about equal to Smax = 1.5, whereas ZTmax ≈ 0.7.
These results mean that the coupling of one MZM to
the QD cannot efficiently enhance the thermoelectric
effect, though its modification.
In the following, we continue to consider two
FIG. 4: Thermoelectric quantities of the single-QD
structure, in the presence of two MZMs coupled to the
QD simultaneously. The QD-lead coupling and temper-
ature are the same as those in Fig.3, respectively.
MZMs to couple to the QD simultaneously, to dis-
cuss the change of the thermoelectric effect. The
numerical results are shown in Fig.4. In this figure,
we suppose |λ1| = |λ2| = λ for simplicity. Firstly,
from Fig.4(a), we can clearly find that differently
from the above two cases, the electronic conductance
spectrum exhibits two peaks, which are separated by
the conductance around the point of µ = 0. The dis-
tance of them is proportional to the increase of λ.
In order to clarify this result, we present the QD’s
Hamiltonian matrix, i.e.,
H =

εd 0 λ1 λ2
0 −εd −λ∗1 −λ∗2
λ∗1 −λ1 0 0
λ∗2 −λ2 0 0
 . (15)
One can then find that in the case of |λ1| = |λ2| = λ
and ϕ = 0, the QD’s eigenlevels are given by E± =
1
2 (εd ±
√
ε2d + 8λ
2). Surely, the co-existence of two
identical MZMs leads to the level degeneracy in this
structure. For the typical case of εd = 0, the eigen-
levels will be simplified, i.e., E± = ±
√
2λ. Moreover
in such a case, we are allowed to write out the ex-
pression of the transmission function τ(ω), i.e.,
τ(ω) =
ω2Γ2
(ω2 − 2λ2)2 + ω2Γ2 . (16)
It clearly shows that under the situation of ω =
±√2λ, the transmission function reaches unity. This
exactly leads to the peaks in the electronic conduc-
tance spectrum. Meanwhile, one can readily find
that at the low-energy limit, i.e., ω = 0, τ(ω) will
be equal to zero, which means the occurrence of the
5FIG. 5: Results of thermoelectric quantities modulated
by the difference between the two kinds of QD-MZM
couplings. (a)-(d) Electronic conductance, thermal con-
ductance, thermopover, and figure of merit.
antiresonance phenomenon. This can be viewed as
the reason of the conductance valley in Fig.4(a).
For the other thermoelectric quantities, in
Fig.4(b) we see that the thermal conductance is
more sensitive to the increase of QD-MZM coupling,
differently from the electronic conductance. It shows
that when λ = 0.1, the thermal conductance exhibits
one peak at the position of µ = 0. With the increase
of λ, this peak is suppressed apparently, and then
the thermal conductance spectrum shows up as a
two-peak structure. Next, Fig.4(c) shows that the
increase of QD-MZM coupling does not only mod-
ify the oscillation manner of the Seebeck-coefficient
curve, but also enhances the magnitude of it. For in-
stance, in the case of λ = 0.2, the magnitude of the
Seebeck coefficient can reach 2.5, whereas the fur-
ther increase of λ cannot enhance the thermopower
apparently. The thermopower increase certainly in-
duces the enhancement of the thermoelectric effi-
ciency. It can be readily seen in Fig.4(d) that the
maximum of ZT has an opportunity to arrive at 3.5,
when λ = 0.2. Therefore, we know that when two
MZMs couple to one QD with the same strength,
the thermoelectric effect will be enhanced to a great
extent. It is certain that such a phenomenon origi-
nates from the occurrence of the antiresonance effect
in the electron motion process, in the presence of two
MZMs coupled to the QD.
Encouraged by the notable thermoelectric result
in Fig.4, we next would like to adjust the struc-
tural parameters to further clarify the thermoelec-
tric effect. To begin with, in Fig.5 we investigate
the influence of the difference between λ1 and λ2
on the thermoelectric quantity properties. For cal-
culation, we take λ1 = 0.2 and increase the value
of λ2. In Fig.5(a), we can find that in the increase
of |λ2| the electronic conductance spectrum under-
goes its three-step variations. Firstly, in the case of
|λ2| < 0.1, three peaks appear in the conductance
spectrum. Then with the following increase of |λ2|,
two peaks exist in the conductance spectrum, fol-
lowed by their enhanced magnitudes. Such a phe-
nomenon ends until |λ2| increases to 0.4, where each
conductance peak splits into two and their magni-
tudes are suppressed. In comparison with the elec-
tronic conductance, the maximal thermal conduc-
tance occurs in the region of |λ2| < 0.1, whereas it
is weakened in the region of 0.1 < |λ2| < 0.3, as
shown in Fig.5(b). This certainly leads to the en-
hancement of the thermoelectric effect, because the
out-of-phase changes of the electronic and thermal
conductances. Such a conclusion can be well verified
by the results in Fig.5(c)-(d). As shown in Fig.5(c),
when |λ2| > 0.1, the magnitude of the Seebeck effi-
cient increases rapidly, about equal to 3.0. However,
its value seems to be independent of the further in-
crease of |λ2|. Similarly, the result in Fig.5(d) shows
that the thermoelectric efficiency can be enhanced in
this process, and the value of ZT is allowed to get
close to 3.5. From the results in Fig.5, we can find
that the enhancement of thermoelectric effect does
not depend on the identical QD-MZM couplings.
FIG. 6: Spectra of thermoelectric parameters influenced
by the shift of QD level εd. The other structural param-
eters are the same as Fig.4.
Since the QD level can be shifted in experiment,
we next would like to present the influence of the
shift of the QD level on the thermoelectric effect.
The main results are shown in Fig.6. Firstly, from
Fig.6(a)-(b) we can see that both the spectra of
the electronic and thermal conductances are asym-
metric about the chemical potential µ and the QD
level εd. When the chemical potential and QD level
are adjusted simultaneously in the positive-energy
(negative-energy) region, the conductance magni-
tudes can be increased, especially in the case of µ =
εd. Also note that in the low-energy region where
εd and µ get close to zero, the conductances are
6weakened. This should be attributed to the occur-
rence of the antiresonance effect. Next in Fig.6(c),
one can readily find that the thermopower can be
increased by shifting the QD level away from the
energy-zero point. Namely, in the case of |εd| ≈ 0.5,
the Seebeck coefficient arrives at its extremum with
|S|max ≈ 3.0. And similar result can be observed in
Fig.6(d). In this figure we find that when the QD
level is shifted in the vicinity of εd = 0.5, the value of
ZT have opportunities to reach its maximum with
ZTmax ≈ 5.5. Up to now, we can ascertain that
shifting the QD level is an efficient way to enhance
the thermoelectric effect.
In Fig.7, we are concerned about the impact of
phase difference between the two TSs that yield
MZMs. The other parameters are chosen to be
|λ1| = |λ2| = λ = 0.2 and εd = 0. Firstly, in
Fig.7(a), one can observe that with the increase of
the superconducting phase difference, the magnitude
of the electronic conductance first decreases and
then increases. In such a process, the conductance
peaks split in the complicated way. When ϕ in-
creases from zero to pi, both of the two conductance
peaks split into two. The two conductance peaks be-
side the point of µ = 0 get close to each other, and
then they encounter in the case of ϕ = pi. As a re-
sult, in this case, three peaks appear in the electronic
conductance spectrum. Next, as the superconduct-
ing phase difference further increases, the opposite
change manner takes place. Since the electronic con-
ductance is related to the QD’s eigenlevels in the
Nambu representation, we would like to present the
expression of them, i.e., E = ±λ√2∓ 2 sinϕ under
the situation of εd = 0. It can found that in the
general case, there are four different values for E.
However, for ϕ = 2npi, they are degenerated, with
E± = ±
√
2λ. Alternatively, when ϕ = (2n + 1)pi,
E will present three values, i.e., E± = ±2λ and
E0 = 0. Based on these results, one can well under-
stand the change of the electronic conductance spec-
trum. Next, in Fig.7(b) it shows that the thermal
conductance spectrum always exhibit three peaks,
with the increase of the phase difference. What is
notable is that when the TS phase difference departs
from the value of ϕ = 2pi (or ϕ = 0), the ther-
mal conductance is increased, completely from the
change manner of the electronic conductance. Such
a fact inevitably weakens the thermoelectric effect,
according to Eq.(13). As a consequence, we see in
Fig.7(c)-(d) that only in the case of ϕ = 0 (or 2pi),
the thermoelectric effect is relatively active. There-
fore, the TS phase difference is a negative factor for
the enhancement of the thermoelectric effect.
In addition to the discussion above, we would
like to make a remark regarding the many-body ef-
fect which we have by far ignored. However, the
many-body effect is an important origin for the pe-
culiar transport properties in the QD. Therefore,
FIG. 7: Influence of the change of TS phase difference
on the thermoelectric effect of the single-QD structure
with two side-coupled MZMs.
it is supposed to influence the thermoelectric ef-
fect to some extent. Usually, the many-body ef-
fect is incorporated by considering only the intradot
Coulomb repulsion, i.e., the Hubbard term. If the
Hubbard interaction is not very strong, we can trun-
cate the equations of motion of the Green functions
to the second order. By a straightforward derivation,
we find that the theoretical descriptions developed
above are still valid. But the Green functions ge(h)σ
should be redefined as
ge(h)σ(z) =
[ z ∓ εd
1 + U〈nσ¯〉z∓εd∓U
+ iΓ
]−1
. (17)
Albeit this change, we can anticipate that the ther-
moelectric effect in the noninteracting case will hold.
The reason can be explained as follows. Firstly,
such an approximation is only to induce the split-
ting of the QD level from εd to εd and εd + U
(U is the Coulomb strength), but does not lead to
the appearance of new physics picture[45, 46]. Sec-
ondly, due to the helix of the MZMs, we can con-
sider that they only couple to one spin state of the
QD, whereas, the other spin state decouples from
the MZMs. This further weakens the effect of the
Coulomb interaction[21, 47–49]. Therefore, we can
believe that the Coulomb term does not result in
the substantial change of the noninteracting thermo-
electric properties. When the electron interaction is
very strong, one need extend the theoretical treat-
ment beyond this approximation. Then the further
modification to the thermoelectric effect will natu-
rally arise. This interesting subject will be left for
our future study.
7SUMMARY
To summarize, in this work we have investigated
the thermoelectric effect in one QD system, by cou-
pling two MZMs laterally to the QD, independently.
As a result, it has been found that if only one MZM
couples to the QD, the thermoelectric effect can-
not be strengthened efficiently. However, the co-
existence of two MZMs can enhance the thermoelec-
tric effect to a great extent. Namely, the thermoelec-
tric efficiency, i.e, ZT has an opportunity to reach
5.5. Via presenting the parameter influences, this
result is analyzed in detail. We believe that the re-
sults in this work can be helpful in understanding
the quantum transport property of the MZM.
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